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1 Introduction

Students are not expected to have taken graduate topology, so in most questions involving
topologies, the student can assume if they wish that the space is an open or closed set in R™.

This document is rather lengthy. The problems in this problem bank came from several
different sources. Some problems may not be relevant for the Prelim you take, and different
instructors may emphasize different topics. Thus it is far from necessary to know the answers
to every question in this list in order to pass the preliminary exam. However, you should
expect the exam to require a general mastery of the topics covered here. This problem bank
provides a sampling of questions from the topics in the Real Analysis prelim syllabus at UH,
which may be found on the department website.

This is not a comprehensive list of all possible questions. One can easily find online
many more practice questions for real variable/analysis prelims from other schools. Any
given instructor may include questions (both in the course and on the prelim) that concern
the topics here but are not explicitly stated as problems here. For example, the emphasis
below is often on ‘homework-type exercises’, whereas the prelim you take may have much
more emphasis on definitions, statements of results, or proofs.

2 Some recommended texts

The Prelim syllabus also lists the following recommended textbooks, which the student could
use together with their course materials, to find many additional practice problems.

1) S. Axler, “Measure, Integration Real Analysis”, 2020 (free from author’s website)

2) R. Bass, “Real Analysis for Graduate Students”, 2014 (free from author’s website)

3) G. Folland, “Real Analysis: Modern Techniques and their Applications”, 1999

4) W. Rudin, “Real and Complex Analysis”, 1987

5

D. Salamon, “Measure and Integration”, 2016

(1)
(2)
(3)
(4)
()
(6)

6) J. Yeh, “Theory of Measure and Integration”, 2006



3.1

Measures

Algebra, c-algebra, measurable space, measurable set, Borel
o-algebra

. What is a o-algebra? What is a measure? What is a measure space? What is the Borel

o-algebra on a topological space? What is a Borel set? Show that the set [0,1) UQ is
a Borel set.

. Find an example of a set X and two o-algebras A; and A, each consisting of subsets

of X, such that A; U A, is not a o-algebra.

Let (Y,.A) be a measurable space and let f: X — Y be a function, but do not assume
that f is one-to-one. Define f~!(A) := {f}(F) : £ € A}. Prove that f7'(A) is a
o-algebra on X.

Suppose that (X, .A) is a measurable space and that f: X — Y is a function. Show
that B:={B CY : f~!(B) € A} is a o-algebra on Y.

Show that if f is continuous then f~!(B) is Borel for Borel sets B.

Measures: o-finite, finite, probability, complete, Borel.

I g, ..o, p, are measures on (X, A) and ay, . . ., a, € [0,00), then Y] a;p; is a measure

on (X, A).

. Let (X, A, p) be a measure space, F' € A, and define v(E) = u(ENF) for £ € A.

Then v is a measure.

If (X, A, ) is a measure space and {£;}%2, C A, then p(liminf £;) < liminf pu(Ej).
Also, p(limsup Ej) > limsup p(Ej;), provided that u(U;Z, Ej) is finite.

. If (X, A, p) is a measure space and E, F' € A, then p(E)+u(F) = wW(ENF)+p(EUF).

Suppose that p is a finite measure on X, that o > 0, and that F, Es, ... are measurable
sets with u(E,) > a for alln € N. Prove that there is a point in X which is in infinitely
many of the F,.

Let (Y, A, 1) be a measure space and f: X — Y be a bijective function. Show that
v(E) = u(f(FE)) defines a measure v on (X, f~1(A)).

Suppose that (X,.A), u is a measure space, that f: X — Y is a function, and let
B={ECY:fYF)e€ A}. Show that v(E) = u(f~*(F)) defines a measure v on B.

Let X be an uncountable set and let A be the collection of subsets E of X such that
either £ or E° is countable. Define p(F) = 0 if E is countable and pu(F) = 1 if F is
uncountable. Prove that A is a o-algebra and pu is a measure.
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If X is a Hausdorff topological space find the completion of the Borel sets with respect
to a Dirac measure.

Show that the ‘generalized open intervals’ (that is, the ‘product of n open intervals’)
generate the Borel o-algebra in R"™.

Suppose X is the set of real numbers, B is the Borel o-algebra, and that p and v are two
measures on (X, B) such that u((a,b)) = v((a,b)) < co whenever —oco < a < b < oo.
Prove that u(E) = v(E) whenever E € B.

Let (X, A, 1) be a measure space and f a measurable, non-negative function on X.
Define v: A — [0,00] by v(E) = [, f du. Prove that v is a measure.

Caratheodory extension theorem: premeasure on an alge-
bra, construction of an outer measure u*, the o-algebra of u*-
measurable sets. Lebesgue and Lebesgue—Stieltjes measures.
Null sets including Cantor set.

. Show that if ;* is an outer measure on a set X, then a subset E of X is p*-measurable

if and only if p*(AU B) = p*(A) + p*(B) for any sets A C E and B C E°.

If (X,A,p) is a measure space, define p*(F) = inf{u(F) : E C F,F € A} for all
subsets E of X. Show that p* is an outer measure. Show that each set in A is p*-
measurable and p* agrees with the measure p on A.

If p* is an outer measure on X and {E};}32, is a sequence of disjoint measurable sets,
then

,u*(Fﬂ (UEJ>> = ZM*(FﬂEj) for any F' C X.
=1 =1

(a) What is Lebesgue outer measure A* and Lebesgue measure A on R"? Outline the
construction (you don’t need to prove anything).

(b) Show that if F is a Lebesgue measurable set, then

AME) = 1inf{\(U) : all open sets U containing E'}
= sup{\(K) : K C E is compact}.

(c) Prove that Lebesgue measure on R" is o-finite.

(d) Show that any set of real numbers of positive Lebesgue measure has a subset
which is not Lebesgue measurable.

(e) Let E be a subset of R which is not Lebesgue measurable. Prove that there exists
e > 0 such that A\(B\ A) > € for any two Lebesgue measurable sets A, B satisfying
ACFECB.
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Let E be a subset of R which is not Lebesgue measurable. Prove that there exists an
a > 0 such that for any two Lebesgue measurable sets A and B satisfying A C EF C B,
one has A(B \ A) > «, where A denotes Lebesgue measure.

Let m be the Lebesgue measure on R. Let £ C R be Lebesgue measurable such that
0 < m(E) < oo. Prove that for all 0 <~ < 1 there exists an open interval I C R such
that m(EN 1) > ~ym(I).

Suppose m is Lebesgue measure. Define x4+ A = {x+y:y € A} and cA = {cy:y € A}
for x € R and ¢ a real number. Show that if A is a Lebesgue measurable set, then
m(z + A) = m(A) and m(cA) =|c|m(A).

Suppose m is Lebesgue measure and A is a Borel measurable subset of R with m(A4) >
0. Prove that if B = {x —y : x,y € A}, then B contains a non-empty open interval
centered at the origin.

Let m be Lebesgue measure on R, and let A C R be a bounded Borel set. Prove that
for every e > 0, there exists a set U C R such that U is a finite union of open intervals
and m(U A A) <e.

Prove the following statements or disprove by giving a counterexample:

(a) If a set £ C R™ has nonempty interior, then \*(E) > 0. (Note: A* is the outer
measure. )

(b) If a set E C R™ is such that A*(E) > 0, then E has nonempty interior.
Show that if £ is any set in R", and if £ > 0, then \*(kE) = k" \*(E).

Show that the non-negative scalar multiples of Lebesgue measure are the only transla-
tion invariant Borel measures on R™ which are finite on bounded Borel sets. That is,
show that any such measure = ¢\ for a non-negative constant c.

Give an example of a nowhere dense subset of R of positive Lebesgue measure.

Show how to adapt the basic (Vitali) construction of a nonmeasurable set to construct
a dense set in [0, 1] which is not Lebesgue measurable.

Let f be an arbitrary real valued function on [0,1]. Show that the set of points at
which f is continuous is a Lebesgue measurable set.

Explain the Caratheodory construction/theorem.

Exhibit the main properties of the Cantor set and the Cantor ternary function which
are typically used in the course (for example, it is a compact set of zero measure).

Show that there exists a Lebesgue measurable subset of R which is not a Borel set.
(You don’t need to prove anything about the ternary function, just use it.) Explain
why Borel sets are Lebesgue measurable.

What does it mean to say Lebesgue measure is regular? Prove this in R.
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Integration

Measurable functions. Approximation by simple functions.

(a) What is a simple (measurable) function?

(b) Prove that a product of simple (measurable) functions is a simple (measurable)
function.

(c¢) Show that if f is a real-valued function on [a, b] that is continuous a.e., then f is
Lebesgue measurable. Show that it need not be Borel measurable.

(a) What is an A-measurable function f: X — [—00,00|? Mention some equivalent
conditions.

(b) What is a Borel measurable function?

(¢) Show how to construct a set which is Lebesgue measurable, but which is not a
Borel set.

(d) Prove that if f: R — R is increasing, then f is Borel measurable.
For a measure space (X, i), show that the simple functions are dense in L'(X, p).

If (X, A, p) is a measure space and E € A show that E is a measure space with respect
to a restriction pg of p. If f is a measurable function on (X, .A) show that its restriction
to E is pp-measurable.

. We always write the decimal expansion of a number so that it does not end in a

recurring 9. Show that the function f,,: [0,1] — R which takes a number to its nth
digit in its decimal expansion, is Borel measurable.

Suppose that fi, fa,- -+ are measurable functions X — [—o00, 0o] which are each finite
a.e. Show that for a.e. z € X, f,(x) is finite for all n € N,

Show that for a function f: X — C, defined on a measurable space (X, .A), its real and

imaginary parts are both A-measurable, if and only if f~'(B) € A for every Borel set
Bin C.

Let (X,.A) be a measurable space, and let f, be a sequence of measurable functions
X — R. Prove that the set of points where lim,, f,(z) exists is a measurable set.

Lebesgue integral: non-negative functions, measurable func-
tions, integrable functions, LP.
(a) What is a simple function? What is an integrable function? How is [ ~ fdp

defined? Define it first for a simple function, then for a non-negative measurable
function, and then finally for an integrable function.

(b) Prove that [, fdu = 0if u(E) =0 and f is measurable.



(c) What is the connection between f being integrable and | f| being integrable? Prove
it. Also, find a function f: [a,b] — R for which|f| is integrable, but f is not Borel
measurable.

2. Prove the following statements or disprove by giving a counterexample:

(a) Every continuous function f: R — R is Borel measurable.

(b) If f: R — R is continuous at all but one point, then there exists a continuous
function g such that f = g a.e.

(c) Conversely to the last item, if there exists a continuous function g such that f = g
a.e. then f is Borel measurable.

(d) If A C R is an uncountable Lebesgue-measurable set, then its Lebesgue measure
is larger than 0.

3. Let f € L'((0,1)). Define g on (0,1) by
g(z) :/ @dt.

Prove that g € L*((0,1)).

4. Let p be a finite positive measure on (X, A), let f € LY(X, A, u), and let S be a
closed set in F. Suppose that the ‘averages’ ﬁ [5 fdp are in S for every E € A with

w(E) > 0. Show that f(z) € S p-a.e..
5. Let f € L'(R).

(a) Fix o > 0. For n € N, define f, by fo(z) == £22 Show that

f(nx) f(2) l;
i, = [l [V,

(b) Use (a) to show that f,(z) — 0 as n — oo for m-a.e. z € R (where m is Lebesgue
measure on R.)

6. Let (X, A, 1) be a measure space with pu(X) < oo. Suppose f: X - Rand g: X - R
are real-valued measurable functions such that [, fdu = [, gdu. Prove that either
f = g p-almost everywhere, or there exists a set £ € A such that pu(F) > 0 and

Je fdu> [ygdp.

7. Prove, giving all the details, why if f,g: X — [—00, o0] are integrable and f < g a.e.,
then fo < fXg.

8. Let (X, A, 1) be a measure space.

(a) Prove that if u(X) < oo and if 1 < p < ¢ < oo, then L (u) C LP(p).

(b) Is the statement in (a) true if u(X) = o0o? If yes, prove it. If no, give a coun-
terexample.
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Let v and v be finite measures on a measurable space (X, .A) and suppose that

!E) = [ fdu

for every E € A, where f is some function in L*(u). Prove that

/ngVZ/ngdM

for all g € L*(v).

Monotone convergence theorem, Fatou’s lemma, dominated
convergence theorem.

. Prove that

lim < z" cos(x/n)
n—oo Jg (1 + x")ex

exists and compute it.

(a) State Lebesgue’s dominated convergence theorem.

(b) Let u be counting measure on N. We can identify a function f: N — R with a
sequence (ay,)nen. Prove that if f is integrable then Y .- |ax| converges in the
sense of Calculus 2, and the sum equals [ |f| du. Show also that in this case

Jx Fdn =322 an.
(¢) Show that a Riemann integrable function f: [a,b] — R is Lebesgue integrable,
and that the two integrals of f coincide.

(d) Complete the sentence: a bounded function f: [a,b] — R is Riemann integrable
if and only if f ....

. Let X\ denote Lebesgue measure on [0, 1]. Show that the function f: [0,1] — R defined

by

f() = Z cos(2rkx) + x

L2
k=1
is an integrable function and that

/0 f@)dr@) =Y m

k=1

Suppose {f,}5° is a sequence in L([0,1]) with|| f,||, < K for each n € N. Prove that
if g: [0,1] = C and f,, — g almost everywhere, then g € L'([0,1]) and ||g||, < K.

Suppose that {f,} is a sequence of nonnegative measurable functions on X that con-
verge a.e. to a function f. If f,, < f for each n, prove that lim,,_,, fX fadp = fX fdu.
(Note that we are not assuming that f is integrable.)



6. Suppose that {f,} is a sequence of nonnegative measurable functions on X that
converge a.e. to a function f. If lim, .o [y fudp = [, f du < oo, prove that
limy, o0 [ fodp = [, f dp for any measurable set E. [Hint: Fatou on £ and on E°]

7. Show that the function f(x) = \/%E is Lebesgue integrable on [0, 1], but 1/z is not.

8. Show that the monotone and dominated convergence theorems both fail for the Rie-
mann integral, by finding an increasing sequence of nonnegative bounded Riemann
integrable functions on [0, 1], which converge everywhere to a bounded function f, but
f is not Riemann integrable.

9. Show that a Riemann integrable function is not necessarily Borel measurable.

10. Suppose that FE,, are disjoint sets in A for n € N, with X = U,E, and that f is a
measurable nonnegative or integrable function on X. Show that [ <[ =2 i) g, [>and
show the latter series converges absolutely if f is integrable.

4.4 Almost everywhere equality, convergence. Other types of con-
vergence: in measure, in L?, uniform, in L*°. Implications and

counterexamples.
1. Suppose that a series Y > | f, converges absolutely in L'(R), i.e. > > || full,: < o0.
Prove that:

(a) the series f(z) =7, fu(z) converges for a.c. z € R;
(b) f e LYR);
(©) Jo2ones fo= 22000 Jg S

2. For a real-valued function f on R, define the translate f* by f'(z) = f(z —t).

(a) Suppose f is continuous on R and has compact support. Prove that || ff—f || Loom)
0Oast— 0.

(b) Show that if f € L'(R), then ||f* — f||L1(R) —0ast— 0.
3. Prove the following statements or disprove by providing a counterexample:

(a) If fx is a sequence of non-negative and measurable functions on [0, 1] such that
fr — 0 a.e., then f[o y fe = 0.

(b) If fx is a sequence of non-negative and measurable functions on [0, 1] such that
fr < M for all k and f — 0 a.e., then f[o g fe = 0.

(c) If fx is a sequence of non-negative and measurable functions on [0, 1] such that
fr — 0 in measure, then f, — 0 a.e.

4. Let (X, A, p) be a measure space. Let (f,)22, be a sequence of p-integrable functions
and suppose that f is u-integrable as well.
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(a) Prove that if ff — f in the L'(u) sense (or even in L?), then f, — f in measure.

(b) If u(X) < oo and if f,, — f in measure, does it follow that f, — f in the L'(u)
sense? Either prove this or give a counterexample.

. Let X = [0, 1] with Lebesgue measure.

(a) Let f,(z) = cos(2rnz). Then f, — 0 weakly in L*(X) but f, - 0 a.e. or in
measure.

(b) Let fu(x) = nX(a1/n)- Then f, — 0 a.e. and in measure, but f, - 0 weakly in
L? for any p.

Let 1 < p < oo and suppose that f,, f € LP(R™) satisfy f,, — f a.e. Prove that

s = Flls 0 <= 1flls =1l
Let £ C R™ be a measurable set and f an integrable function on E.

(a) Set E,, = {|f| < m} and show that fxpg, — f in L'-norm as m — oc.

(b) Given € > 0, show that there exists a constant 6 > 0 such that for every measur-
able set A C F, we have \(A) <d = [,|f] <e.

(c) Show that, given € > 0, there exists a measurable set A C E such that f is
bounded on A and [, ,|f] <e.

Fix 1 < p < oo and suppose that:

(i) fm — f in measure;

(ii) for each € > 0, there exists a 6 > 0 such that for every measurable set £ C R"
satisfying A(E) < 6, we have [,|fn|" < € for every m;

(iii) for each € > 0, there exists a measurable set £ C R™ such that A\(E) < oo and
S| fm|? < € for every m.

Prove that f,, — f in LP(R").
Let (X, A, p) be a measure space.

(a) Let f: X — [0,00] be measurable and suppose that [, fdu = 0. Prove that
f=0ae.

(b) Let f € L'(X, pu). Show that if [, fdu =0 for every A € A, then f =0 a.e.

Construct a sequence of bounded continuous functions on [0, 1] whose integrals are all
zero, but such that the sequence converges at no point.

Let k € L'(R) be such that [, k(z)dz =1 and, for each n € N, set k,(z) = nk(nz).
Prove that for every f € L'(R),

Jim ([ k= fl 2 =0

Recall that convolution is defined by f* k(z) = [, f(z — y)k(y) dy.
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Let F' C R be a closed subset of positive measure. For x € R, define the distance from
x to F' by
d(z,F) = ;gff;d(:ﬁ, z).
Prove that for Lebesgue almost every y € F', we have
d(z, F
tim 285

oy o —y|

Hint: Consider Lebesgue density points of F.

(a) Prove that if f € LP(]0,1]) and if 2 < p < oo, then the integral

@l
/0 NG dm(x)

is finite.

(b) Prove or give counterexample: if f € L%*([0,1]), then the integral in part (a) is
finite.

Egorov and Luzin theorems.

Show that under the conditions of the dominated convergence theorem one can deduce
that f, — f almost uniformly. [Hint: use the proof of Egoroft’s theorem, but at one
point one needs to appeal to LDCT and another result.]

Show using Lusin’s theorem that any integrable (resp. bounded measurable) function
on [a,b] is a.e. an almost uniform limit of a sequence (resp. bounded sequence) of
continuous functions. Show a bounded function on [a, b] is Lebesgue measurable if and
only if it is a.e. equal to a pointwise limit of continuous functions.

Monotone class theorem, product o-algebra, product measure,
Fubini—Tonelli theorem

. What is a monotone class? State and prove the monotone class theorem.

Find an example of a set X and a monotone class M consisting of subsets of X such
that ) € M, X € M, but M is not a o-algebra.

Give precise statements (e.g., as stated in class or in Folland’s book) of Tonelli’s theo-
rem and Fubini’s theorem for general measure spaces.

(a) If (X, A, ) and (Y, B, v) are o-finite measure spaces, define the o-algebra A x B.
Also explain briefly how the product measure p x v is defined.

(b) What are the relationships between B(R) x B(R), B(R?), L(R) x L(R), and L(R?)?
Prove most of your assertions.

(c) State and prove Tonelli’s theorem for p X v.
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(d) State and prove Fubini’s theorem for p x v.

Let A denote Lebesgue measure on R, and let A2 := X\ x \ denote the product measure
on R?. Prove that if f,g € L'(R), then

fla)g(t — 2)d(N)(z,t) = /2 9(@) f(t = 2) d(X*)(z,1).
R2 R
Justify any steps in your proof, and if you use any theorems explain why the hypotheses

of those theorems are satisfied.

Let f € L*((0,1]% )\s) such that f(o dx(0y) f@A2 = 0 for every z,y € (0,1]. Prove that
=0 A-a.e.

. Give an example of a £(R?)-measurable function which is not £(R) x £L(R)-measurable.

If f(z,y) = “2=% for z,y € (0,1], show that fol fol fdxdy # fol fol fdydr. What

L (@?+y2)2 -
is going wrong here in Fubini’s theorem?

Show that Lebesgue measure and the Lebesgue integral are invariant under rotations.
Prove that one may interchange absolutely convergent double sums.

Suppose that E is a dense set in R, and f is a real-valued function on R? such that
(i) each section f, is Lebesgue measurable for each z € E and (ii) each section f¥ is
continuous for a.e y € R. Prove that f is Lebesgue measurable on R2.

Let h and g be integrable functions on X and Y respectively, and let f(z,y) = h(x)g(y).
Show that f is integrable and

/fd(,uxu):(/xhdu) (/Ygdy).

State and prove the corresponding theorem if h, g are measurable and non-negative.

What are the relationships between B(R) x B(R), B(R?), L(R) x L(R), and £L(R?)?

Prove these.

If (X;,A;) is a measurable space for j = 1,2,3, then ®§?:1 A = (A @ Ay) ® As.
Moreover, if i; is a o-finite measure on (X, A;), then gy X po X pg = (p1 X p2) X 3.

True or false? Prove or give a counter example.

a) Let B C e a Borel set, then the set {(z,y) € 1r—y € 18 a Borel set in

Let E C R be a Borel hen th R? E} is a Borel set i
R2.

(b) Let E C [0,1] x [0,1]. Assume that for every z,y € [0,1] the sets £, = {y €
[0,1] : (z,y) € E} and EY = {x € [0,1] : (x,y) € E} are Borel. Then E is Borel.

If f: X = [0,00], define E = {(x,y) € X xR :0 <y < f(x)}. This is ‘the region
under the graph of f’.
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(a) Prove that if f is measurable, then E is in A x L(R).
(b) Prove that under the hypothesis of (a), (1 x A\)(E) = [ fdu. Note that some
books define the integral by this formula.

Suppose f: X xY — [0, o0] is measurable with respect to A x B, and for p-a.e. x in X
we know that f(x,y) is finite v-a.e. Prove for v-a.e. y in Y that f(x,y) is finite p-a.e.

Signed measure, positive and negative sets. Hahn and Jordan
decompositions, total variation measure, complex measures.

. What is a complex measure v on (X, .A)?

Define the variation |v|. Also, complete the sentence: “The variation |v| is the smallest
positive measure such that ...” Define||v||.

. Prove that |v + o| <|v| +|o| and |cv| =|c||v| for complex measures v, o on (X, .A).

If v is a signed measure, F is v-null if and only if |v| (E) = 0. Also if v and u are
signed measures, v L u if and only if |v| L p if and only if v* L pand v~ L p.

If v is a complex measure on (X, .A) and v(X) =|v|(X), then v =|v|.
Let v be a signed measure on (X, .A).
(a) L'(v) = L'(vl).

(b) If f € L'(v), | [ fdv| < [If] dlvl.
(c) If E € A, v (E) =sup{| [, fdv| :|f| < 1}.

. If v is a signed measure and A, p are positive measures such that v = A — pu, then

A>vtand p>v.

Mutually singular measures, absolutely continuous measures,
Cantor—Lebesgue function.

. If v and p are complex measured and A is a positive measure, then v L p if and only

if |v| L|p| and v < X if and only if |v| < A.

Differentiation

. Suppose that f: [0,1]*> — R satisfies the following conditions:

(i) For each fixed x € [0, 1], f(z,y) is an integrable function of y;

(ii) %(:p, y) exists at all points and is bounded on [0, 1]2.
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Prove that g—i(x, y) is a measurable function of y for each z € [0, 1] and that

da _[rof
= sewa= [ Fepa

Suppose f:[0,1] — R and f(0) = 0. For each of the following statements about f,
indicate whether the statement is TRUE or FALSE. If FALSE, provide a counterex-
ample. (For every counterexample, you can simply describe the function and state its
properties; you don’t need to prove that it has those properties or go into great detail.)

(a) If there exists g € L'([0,1]) such that f(x) = [; g(t) dm(t) for all z € [0, 1], then
f is differentiable at almost every z € [0, 1].

(b) If f is differentiable at almost every x € [0,1] and f’(z) = 0 whenever f is
differentiable at = € [0, 1], then f(1) = 0.

(c) If f is absolutely continuous, and f’(xz) = 0 whenever f is differentiable at = €
[0, 1], then f(1) = 0.

Show that if a scalar valued function F' on R or [a, b] is differentiable a.e., then F’ is
Lebesgue measurable.

Find a strictly increasing continuous function f on R , with f'(z) =0 a.e..

Let m denote Lebesgue measure on R. Let f: R — R be a measurable function for
which there exists C' > 0 such that |F(z)| < C|z| for every z € R. Further suppose
that F' is differentiable at 0 with F”(0) = a. Prove that

lim nF(z)

n—oo | :L’(l + n2x2)

dm(z) = ma.

Hint: Consider the change of variable u = nx. You may use the fact that

<1
/m1+u2dm(u):7r.

Radon—Nikodym theorem, Lebesgue decomposition theorem.

(a) Find an example to show that the hypothesis in the Radon-Nikodym theorem
that p is o-finite cannot be omitted.

(b) Show that the Lebesgue decomposition theorem is not true for arbitrary positive
measures.

Show that if v € M (X, .A), and if p is a positive measure on A, then v < p if and
only if for any € > 0 there exists a 6 > 0 such that |v(E)| < ¢ whenever £ € A and
w(E) < 4. If you like, assume that the measures are o-finite.

Find an example to show that the hypothesis in the Radon-Nikodym theorem that u
is o-finite cannot simply be removed.



4. Let L denote the Lebesgue measurable subsets of R and let m denote Lebesgue measure
on (R, £). Define signed measures p and v on (R, £) by

u(E) = /E\xl dm(z) and v(E) = [En[_l )xdm(m).

(a) Prove that v < p and find Z—:.
(b) Either prove or disprove that p < |v|. (The symbol|v| denotes the total variation

measure of v.)

5. For j = 1,2, let p;,v; be o-finite measures on (Xj, A;) such that v; < p;. Then
vy X vy K i1 X o and

6. Let X =[0,1], A = By, m = Lebesgue measure, and p = counting measure on A.

(a) m < pu but dm # fdu for any f.

(b) p has no Lebesgue decomposition with respect to m.

5.2 Locally integrable functions on R" are equal to local averages
Lebesgue-a.e.: Vitali covering lemma, Lebesgue density theo-
rem.

1. If f € IV (R"), where 1 < p < oo, show that f € L{_(R"), so that a.e. # € R" is a

loc

Lebesgue point of f. Also show that in this case m Jo@n 1F@) — f@)FPdy—0
asr — 07, for a.e. ¥ € R"™.

5.3 Bounded variation, Lipschitz continuity, absolutely continu-
ous functions. BV functions are the difference of increasing
functions, hence a.e.-differentiable. Fundamental theorem of
calculus for AC functions.

1. Let m denote Lebesgue measure on R.

(a) Let a < b be real numbers. Give the definition of an absolutely continuous
function f: [a,b] — R.

(b) Show that every F' € AC([a,b]) is of bounded variation.
(c) Prove that if ' € AC(]a, b]) then the length of the graph of F' equals fab || E"(t)]| dt.

(d) Suppose f: [a,b] — R. Prove that if A is a Lebesgue measurable subset of [a, b]
with m(A) = 0, then m(f(A)) = 0.



6.1

(e) if A is a Lebesgue measurable subset of R with m(A) = 0, does it follow that
{e" 1z e A}
has Lebesgue measure zero? Either prove this or give a counterexample?

(a) A function f: [0,1] — R is said to be Lipschitz if there exists L > 0 such that
|f(z) — f(y)| < Lz —y]| for all 2,y € [0,1]. Prove that if f: [0,1] — R is
Lipschitz, then f is absolutely continuous.

(b) Suppose f:[0,1] — R is continuous on [0, 1] and absolutely continuous on [e, 1]
for every € € (0,1). Show that f need not be absolutely continuous on [0, 1] by
giving a counterexample. Hint: Consider functions of the form z® cos(1/z?).

(a) Define the terms: AC (absolute continuity), NBV.

(b) Explain the fundamental correspondence between measures on R and NBV, and

between L'(R) and AC.
(c¢) Show that every f € AC(a,b] is of bounded variation.

(a) What does it mean that measurable sets F,, ‘shrink nicely’ to x?

(b) Complete the sentence: “If f € L'(R*) and if = is a Lebesgue point of f and E,,
shrink nicely to z, then ...”

(c) State and prove the ‘first fundamental theorem of calculus’ involving NAC.

(d) Prove that a function on R is Lipschitz iff it is in AC and its derivative is in L.
State and prove the ‘second fundamental theorem of calculus’ involving AC(]a, b]).
Show that every f € AC([a,b]) is of bounded variation.

Show that a function F' on the reals is Lipschitz continuous if and only if F’ is absolutely
continuous and F” is essentially bounded.

Show that a function F': (a,b) — R is convex if and only if F' is absolutely continuous
on every subinterval [c, d] of (a,b) and F” is increasing on the set on which it is defined.

State and prove a form of Jensen’s inequality.

Basics of functional and Fourier analysis

LP spaces: conjugate exponents, basic inequalities (Young,
Holder, Minkoswki). Density of simple functions. Convo-
lution, mollification, density of C2° in LP.

State Holder’s inequality and Minkoswki’s inequality.

When does equality hold in Minkoswki’s inequality?



Show that continuous functions on [a, b] are dense in LP([a,b]) if 1 < p < co.
Show that LP([a,b]) is separable if 1 < p < 0.

Define the convolution f * g of two functions in L'(R). Show that the function inside
the integral in the definition of f* ¢ is measurable. Show also that f*g = g« f. Lastly,
prove that

17+ glly <A1 Mgl -
You must prove this special case of the Young inequality yourself; do not simply quote
the Young inequality.

Show that convolution is associative, and distributive on L*(R™).

Fix 1 < p < oo and let ¢ satisfy 117 + % = 1. Let (f,)32, be a sequence in LP(]0, 1]) for
which there exists K > 0 such that [|f,[|, < K for every n € N. Suppose that there
exists a Lebesgue measurable function f on [0,1] such that f,(z) — f(x) for m-a.e.
x €[0,1].

(a) Prove that f € LP([0,1]) and [ f]|, < K.

(b) Prove that for every g € Lq([O, 1]), we have

lim fn x)dr = / f(x
n—oo
(c) Is the statement in part (b) true if p = 1 and ¢ = 0o? If yes, prove it. If no, give

a counter example.

Show that if f € LP(R") and g € LY(R"), then (f * g)(z) exists for all z, and f x g is
bounded with || f * gl| . <|If]l,llgll,-

Normed vector spaces, dual space, duals of L” spaces. Hahn—Banach
theorem and its consequences, isometric embedding X — X**

. Use the Hahn-Banach theorem to show that the canonical map from a normed space

Z into Z** is an isometry.

If X,Y are normed vector spaces, the map (7', x) — Tz is continuous from L(X,Y)x X
to Y. (That is, if T,, — T and z,, — x, then Tz, — Tz.)

Prove that £} = (5 isometrically. This is over the real number field.
Suppose that X is a finite-dimensional vector space. Let eq,...,e, be a basis for X

and define szzl aje;ll = Z?:l‘aJ"'

(a) ||-||; is a norm on X.

1

(b) the map (ai,...,a,) = Y7, aje; is continuous from C" with the usual Euclidean
topology to X with the topology defined by ||-|;.



(c) {x € X :||z]|, = 1} is compact in the topology defined by |||,
(d) All norms on X are equivalent.
Let (X,.A) be a measurable space and let M (X) be the space of all complex measures

on (X, A). Then ||u] == |u| (X) is a norm on M(X) that makes M (X) into a Banach
space.

Suppose that X and Y are Banach spaces.
(a) If {T),}>2, C L(X,Y) and T,, — T weakly (or strongly), then sup,,||7,| < oc.

(b) Every weakly convergent sequence in X, and every weak™ convergent sequence in
X*, is bounded (with respect to the norm).

Let X be a normed space, and let X be its completion. Show that for any Banach
space Y, we have B(X,Y) = B(X,Y) isometrically. Show also that if X and Y are
linear subspaces of Banach spaces, and if T: X — Y is an isometry, then 7" extends to
a unique isometry 7: X — Y whose range is closed.

If X is a separable normed linear space, the weak* topology on the closed unit ball in
X* is second countable and hence metrizable.

. A vector subspace of a normed vector space X is norm-closed if and only if it is weakly

closed.

Fourier transform on L!, properties, Riemann—Lebesgue lemma,
Schwartz class, Fourier inversion formula, Plancherel’s theo-
rem, extension of Fourier transform to 2. Fourier series using
Hilbert spaces.

. Define the Fourier transform F(f) = f for f € L'(R"), and show that it is well defined

and in Cy(R™).
State and prove a formula for F(f’) if f, f' € Co(R).

Show that the Fourier transform of f * g is a product of the Fourier transform of f and
the Fourier transform of g.

Let F[.] denote the Fourier transform. Prove that there does not exist u € L'(R) such
that f = f*u a.e. for every f € L*(R). Hint: proceed by contradiction. Assume u
exists and let f € L'(R) be a function such that F[f](y) # 0 for all ¥ € R (you do not
need to give an example of such an f). Now use

to deduce a contradiction.

. State a form of the Fourier inversion theorem.



6. (i) Ife,(t) = \/LQ? e’ show that (e,) is an orthonormal set in L?([0, 27]).

(ii) Define the Fourier series of a function f € L?([0, 27]).

(iii) Show that for every f € L*([0,2x]), the Fourier series of f converges to f in
L*-norm. (As part of this you will show that (e,) above is an orthonormal basis.)

6.4 Banach spaces: LF, #, C, C", C*, L(X,Y). Separability. Baire
category theorem and its consequences: uniform boundedness
principle (Banach—Steinhaus theorem), open mapping theo-
rem, closed graph theorem.

1. (a) Consider a compact Hausdorff space K, and let C(K) be the continuous scalar
functions on K. Define the supremum norm on C(K), show that it is a norm,

and that with this norm C(K) is a normed space. If you are lost, do this in the
case K = [0, 1].

(b) With notation in (a), explain carefully the relationship between the measures on K
and linear functionals on C(K'). Consider two cases, the positive (or nonnegative)
case and the general case.

(c) Show that with this norm C'(K) is a Banach space.

(d) What can you say about a surjective linear continuous one-to-one function be-
tween Banach spaces? Also state the principle of uniform boundedness and prove
it.

(e) Define the terms “dense” and “separable”. Give a simple test for when a normed
space is not separable, and using this, show that L>°([0,1]) is not separable.

2. Define LP(X, p) for 1 < p < co. Prove in full detail that L'(X, u) is a normed space
and a Banach space.

Show that LP(X, u) is reflexive for 1 < p < occ.

= W

Show that 7 C (7 if p < ¢, and prove that || - ||, < || - ||, in this case.

ot

Prove that (¢1)* and (> are isometrically isomorphic.
6. Show that ¢! is separable but not reflexive.

7. (a) State the closed graph theorem.

(b) Let X and Y be (complex) Banach spaces. Prove that if 7: X — Y is a linear
map such that ¢ o T € X* for every ¢ € Y*, then T is a bounded linear map.
Here X* and Y™ denote the dual spaces of X and Y, respectively.

8. Let m denote Lebesgue measure on [0,1]. Let (f,) be a sequence of functions in
L?([0,1]) that converges weakly to f € L?([0,1]), meaning that

1 1
lim / fngdm = / fgdm



6.5

6.6

for every g € L*([0,1]). Prove that there exists K > 0 such that 1 full 2oy < K < o0
for every n € N. Hint: Uniform boundedness principle.

Riesz representation theorem for C(X)*.

sures.

Regularity of mea-

. Suppose F' is a closed subspace of [0, 1] and define

1
:/ fxrdx
0

for real-valued continuous functions f on [0,1]. Prove that if x4 is the measure whose
existence is given by the Riesz representation theorem, then p(A) = m(A N F), where
m is Lebesgue measure.

Suppose X and Y are compact metric spaces and F': X — Y is a continuous map from
X onto Y. If v is a finite measure on the Borel sets of Y, prove that there exists a
measure 4 on the Borel sets of X such that

/dez/:/Xfoqu

for all f that are continuous on Y.

Prove that if X is a compact metric space, B is the Borel g-algebra, and pu, v are two
finite positive measures (two finite signed measures) on (X, B) such that

[tan=[rav

Prove that if X is a compact metric space, B is the Borel o-algebra, and p is a complex
measure on (X, B), then the total variation of u equals

oo

Prove that if you apply the Riesz-Markov-Kakatani theorem to the linear functional
which is the Riemann integral on C([0,1]), then one obtains Lebesgue measure on
[0,1]. What is the name of the o-algebra here?

for all f € C(X), then p = v.

bup
feC(X),sup|f|<1

Hilbert spaces: inner product, Cauchy—Schwarz, parallelo-
gram law, polarization identity, orthogonal complements and
projections, Riesz representation (relate H and H*), orthonor-
mal sets, Gram—Schmidt procedure, Bessel’s inequality, com-
pleteness, Parseval’s identity, orthonormal basis.

. Prove that L?(X, ) is a Hilbert space.



10.

. Let H and H’ be two Hilbert spaces. Prove that a linear map from H to H' is unitary

if and only if it is isometric and surjective. Also characterize unitaries in terms of an
orthonormal basis.

Prove that up to unitary, there is a unique infinite dimensional separable Hilbert space.

. Prove that if M is a closed subspace of a Hilbert space H, then (M1)+ = M. Is this

necessarily true of M is not closed? If not, give a counter example.
Prove that if H is infinite dimensional, then the closed unit ball in H is not compact.

Show that Hilbert spaces are reflexive.

. If M is a closed subspace of a Hilbert space H,let x + M ={x+y:y € M}.

(a) Prove that x 4+ M is a closed convex subset of H.

(b) Let Qx be the point of z + M of smallest norm and Px = x — Qz. P is called
the projection of x onto M. Prove that P and @) are both mappings of H into M
and M+, respectively.

¢) Prove that P and @) are linear mappings.

Prove that if x € M, Px = x and Qz = 0.

Prove that if x € M+, Pr =0 and Qz = x.

Prove that ||z||* = ||Pz|” +||Qz|.

(e
(f

Show that every orthonormal set in a Hilbert space H is contained in an orthonormal
basis for H. Show also that every Hilbert space has an orthonormal basis.

)
)
)
)

Prove that every orthonormal sequence in a Hilbert space converges weakly to 0.
Use Parseval’s identity with the function f(x) =z on [0, 27) to derive the formula

1+1+1+ 7P
12 22 32 6
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